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2−1−21
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E
F�� ���\�� ��D 9B��� I�/J ���F��8 ^�� ���. ��

2121 )( TSTSTTS ⊗+⊗=+⊗ 
TSST ⊗=⊗ 

)()( aTSTaS ⊗=⊗ )()( UTSUTS ⊗⊗=⊗⊗ 
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�`��C a<b. d
k

D�� 9���V. �� ����� ��� I�= �4�  RU ⊆ I�/J �����    E
F�� ��D [��C

                                        

   ���� ������7 ��&	? 

��+� @� ��&	? %� �+� �2�	� 6�0
 �P� �� I�1 ����
 Q=RpI�1  
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  �6�
kQ c��� Q�k−         E/0�� �. 
��� ��D ����� I�/J /0�� �/:�

   

�Q
�� M�� %� + ���& %� �
	$
1Q 
�� M�� %� + ���& +� �
	$

2Q
�� M�� +� + �2++� �
	$
3Q   
�� M�� �� + �2+ �� �
	$

23

%!

"#

-

..

..

/0�� ��� 
��� ��D 9;� 6 I�/J

  S�	�
k

Q H�T
 �:�;<
 ��, C���L��3
k

Rke
 �+	R �3 
�� 

e ,...,, 1�
�� .

��� 
)2 ����
 ���� �� S�	� �	*.
���
],,,0[ 3212111 eeeeee +++=σ


�� �=> �����    .

�&�� �
 H�T
 �	� �:�;<
 �� �� H�T
 �:�;<
 ����
 �	� 
$	8&.

 /	(��2≥k  +  
],...,,[

10 k
ppp=σ

  S�	� %�   k�$	� ��� 
)2 ����
 ���� 0
2 =σ∂. 
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E/0�� ��� G�-H ��D X;� 6 I�/J

�(�w ��  E   %� k_ �$	� �
	3 I�1)1( −k _ I�1λ�3 ���� ��2+ ��  ωλ =d

 �(�w��   E  %� k_V��W*�� �� �$	� ���� I�10=ωd .

 �(�w��   E  %� k_ �.<&, �� ��,� �� V��W*���� �$	� ���� I�1)1( +k ����Ψ,�
2

C�� E X��8�&� Yw,�
 �+� Ψ


�� �=> �����.

�(�Ψ �.<&, %� )1( +k�� ����E  + λ%�)1( −k _��  I�1E /�� ,� +��� +
2

C V��W*�� �� �*$	� 
1

2 =∫Ψ λd
.
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 6�7  :�; V �  W  � $�6��� 2$���� 2��; �� T #� �?@ A�64� B�  V  �� W 6C��  .E�F��:

T��� ����	
  ��
 �� .

T  �� ���� �� ��  V��� ����	
  .

 T  �� ���� �� ��  ��� ��� � ��� ��� ����	
  ��
 �� V���� ����	
  .

  ��  !"�#$T��� ������%  .

1

*

&

'

(

-

.

.

.

.

L(V,W) #� �?@ �G�64� 2��;V  ��  W �H� 
��  T L(V,W)∈�$IJ K�� $�

T sup{ Tx | x }= ≤1T sup{ Tx | x }= =1

Tx T≤ )��� x ≤1 ��� *	+
 ���, �� ��

2

*&

'(
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..

�H�T L(V)∈ �  VL
�� M�N �7��H O�6  
�� $�6��� � 2$���� ����;  

T  ��� ��� � ��� ��� ������% T���� ����	
  .

T  �-." ������/ M ≥0 �0"���� ��� ��1�, T(x) M≤ �� )��� x V∈

T  ��� ��� � ��� ��� ������% T���� ����	
 ��
 ��.

  )�� �"2
 3���� )���4567 �7�68,V  �� )��� �7�68, �"�  V���  
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&
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    6�7  :�;f : R R→
2 2�?��% �� ,f (x, y) (x y , xy)= +

2 2
2�IC P��Q�   .L
�� M�N �7��H O�6 

f �� �"2
 :�;, �.��$ R2��� . ���%�1 <"�$�,f��� ��1�, ���� �� ��  

x y
Df (x, y)

y x

 
=  
 

2 2

2 2

 =	��%�>f��� ��
  ?@�A, ���� �� ��  .
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L
�� T�1J �7��H O�6 

f : R R→ ��  R  �� )��� �2@ ��� �"2
 :�;, a  � b�-��, )� ���� z [a,b]∈�E"���� ��� ��1�, :

f (b) f (a) f (z)(b a)− = −

nf : R R→ ��n
R �0"���� ��� �"2
 :�;, Df (x) M≤ �� )��� �� n

x R∈G�4��  

f (x) f (y) M x y− ≤ −

n mf : R R→ �� n
R��� � ��� �"2
 :�;, Df (a) M≤�� )���  na R∈G�4��

f(a)-f(b) M b-a   ≤

��� *	+
 H�� ���, �� �� .
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U���f : R R→
2 2 
�� E6C P��Q� ��# �$IJ ��  

x x
f (x)

x x

−
=

−

2 3
1 2

4 6
1 2

 �H� (x , x ) ( , )≠1 2 0 0 $� � ( , )0 0 �$IJ K�� $� 
�� E6C P��Q� �VJ :

 I��$f ��   (KLK)��� ����	
.

�� I��$ �"�� :�;,  (KLK) �N�� ����� �� )���u��� ��
 ����� .

 I��$ f   ��   (KLK)��� �"2
 :�;,.

 I��$f ��  (KLK) �� �N�� )������� �P.� ����,� �� �@� ��� �"2
 :�;, (KLK)����� �"�� :�;,.
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 �H�X � A��   B��X� 2��; B� f : x y→E�F��  6C�� :�4Y�� 
C�F� +�   

 �� )��� ��f (x) x ,x X≠ ∈

 )��� ��d(x, y) d(f (x), f (y))≤ α > α >1 0

��� ��� �� �Q+-, ���R ���� S" )���� I��$.

�T	� ����	
 I��$.
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Z�$�� [I\Q� U��� ���] �� �7�:

�"2
 :�;, ����	
 ��U �� ���4� S"f ���� ��  �� �4"�T6� S" ��  x��� �"2
 W�E., ��  ��65X �� :5.�, 

 ���� ��  �� �4"�T6� S" �� �"2
 :�;, ����	
 ��U �� ���4� S"x �/ ��  ��65X �� :5.�, f (x)′ ≠0��� �"2
 W�0., .

 �"2
 :�;, ����	
 ��U �� ���4� S"f �/ f (x)′ ≠0 ) �� )���x �-,�� �� IX�� f( ��� �"2
 W�E., .

��� �"2
 3���� �"2
 :�;, ����	
 ��U �� ���4� Y".
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L
�� M�N �7��H O�63

 G�� ��f ���4� Y"  C
1 ��nD R⊆ ��n

R � ( )f x′ �� )��� �� x D∈ ���� �"2
 3���� f��� ��� ����4� 

 �"2
 :�;, ����	
 ��U �� ���4� Y" ����� �#$� �	PX ���-�f ���� Z���8, �� x ��  !"�#$ ����� �� ��  ��65X �� ( )xf ′�	#� 

���

 G�� ��n nf : R R→ �� )��� � ���� �"2
 :�;, �.��$ nx R∈  ( )f x′ ≠0 G�4�[ ����  f��� �"2
 3���� �.��$ 

 G�� ��f : R R→ G�4�[  ���� �"2
 :�;, �.��$ f�T	� �"2
 3���� �.��$ �,�\@  
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 �H� f : RR →3 �$IJ �� ( ) xf x, y,z ye z= + +
2 2 2 E�F�' ( )Df , ,2 0 1 L
�� O�63 

( ), ,e4 0 2e +44 2( ), ,e44 0 2
]��0^	�
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 6�73 :�;[ ] [ ]f : , , R× →0 1 0 16C�� ��# �$IJ �� :

 E#�� $�( )f x, y , ,
 

=  

1
0 0

2
 E#�� $� � ( )f x, y , ,

 
=   

1
1 1
2

 �$IJ K�� $� :

f�T	� �"2
 _��4��� 
f � ��� �"2
 _��4��� 

[ ] [ ], ,
f

×
=∫ 0 1 0 1

1

2

f � ��� �"2
 _��4��� [ ] [ ], ,
f

×
=∫ 0 1 0 1
0 ]��0^	�
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L
�� M�N �7��H O�63 

 �� ���-�, �7�68, ��nR��� ��
 G����� )���� 

 �7�68, ��X ���nA R⊂ G����� L���� ��
 A��� ��
 a� 

 ���A ��X L���� ��
 G����� �� � G��;� A��� ��
 a� 

��� ��
 ��X )���� ��
 G����� �� �7�68, ��
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 �H� V�$IJ K�� $� 6C�� 2$���� 2��; +� :

V
∗

 )�P�  bc��� ����T��$

 ���kV R= Y" )� ���� d�e ����  bc��� ��T��$

 ���kV R= Y" )� ���� d�e ����  b&��� ��T��$

 ����,c � '
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 �H�V �6C�� 2$���� 2��; +� T +� P 8E�F�� 6C�� _��7X� $I`���:

Alt(T) =0Alt(T) T=

T T⊗��� d��-�, .Alt(T T) T T⊗ = ⊗
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 �3 ��$IJ $�:dW d d d dx x x x x x x= ∧ + ∧1 1 3 2 3 2 15 6Z�$��  6C��     :

W ]�� Y� b&��� ����� )�.�.W d d d dx x x x x x x= ∧ + ∧1 1 3 2 3 2 35 6

dW =0dW d d dx x x x= ∧ ∧2 1 2 36
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 �H� W +� P 8#� 2#�� 2 ��Iab� ��# 2�$ $�Ia! O�;k
RL
��  M�N �7��H O�63 6C�� 

ddW =0dW Y" p −1��� ]��  .

dW Y"  p +1��� ]�� . ��� k p≤  G�4��   dW =0
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 �H�k
Q c��� +� k−E�F�� 6C��  26Q� :

 Q
0��� W�� Y" � ���� Y" !,��  .  Q

2 ��� �1� �� � W�� �� )����  .

 Q
3��� �1� ��  � W�� �� !,��    .  Q

1 !,��   c��� ���� Y" � W�� .
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 6�73 :�;W +� k− #�� ��Iab� $� O�;nE R⊂L
��  M�N �7��H O�63 6C�� 

 G���� dW =0  ����  Wa	,�� !,�/ ]�� Y" �� .

  ���W G�4�� ���� !,�/ ]�� Y"  dW =0

 ���W Y" K b  �� ��T� ]��E )���	8�� )�� 3� _��4��� ���� K )���	8�� ��, �/ )�.� k +1 �� )�� E��� ��
 ��� .

 ���dW =0 G�4�� W�-,�� �, ��T� ]�� Y" �� .
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 6�7  :�;V �  W ��Q�� �� 2$���� 2��; �� m  � n  � 67C�� T #� �?@ A�64� B�  V  �� WE�F�� 6C��  

  ��  !"�#$ j"�6� <"�$�,T   <"�$�, S"  mn×���  .

  ��  !"�#$ j"�6� <"�$�,T   <"�$�, S"  m n×���  .

 ��  !"�#$ :�;,T��� ���R ���� �� ��  .

 ��  !"�#$ j"�6� <"�$�,T���� 3���� .
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 E�H�!,
2 1
0 0  2$���� 2��; 2�$ f��Q� O�� �� VL
�� M�N �7��H O�6  67C��  

  ��  ���6� ���4�V ,
1
0 �� V,

2
0��� aT	���, �	6�   

��� �7�68, a	���,b��T�bG��;�b��� �E" ]�� �� ="� �� �"��@� S"��, �� �#T� �-#6�.

 )�P� �-@��., ]�� �� 3�kV��� �.#@� ���-�,  .

 �.� ���V�-@��., 3� )�� �l,�� ]�6$ ���� ���-�, .
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 #��$3 3f : R R→ %&��� �� 

3y2 3
2

2 2 2 2 2 2

xy x sin y
( , , ) (x, y) (0,0)

f (x, y)
x y x y x y

0 (x, y) (0,0)


 ≠=  + + +


=
 �!�3R

 ��� ��
∞

 ��� �� � �	
��
 
2

�
� �	
��
�� .

 ��� �� �� ��
∞

 � 
2

�
� �	
��
 .

 ��� ��
2

 ����� � �	
��
 
∞

�
� �	
��
�� .

2  ��� �� ����� � �	
��
 ∞�� ��� (0,0)�
� �	
��
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�()nD R⊆ #��$ ! *�� ! n mf : D R R⊆ → �� x D∈ +�,
� -.�� ��/0 123� 

n mf L(R ,R )′∈ n mf (x) L(R ,R ) ′ ∈

n nh R f (x)(h) R′∀ ∈ ∈ mf : D R′ → 

2

��
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�()nD R⊆ ! *�� ! n mf : D R R⊆ → �� x D∈ ! ��/0 123� 1 2 n{e ,e ,...,e }!

1 2 m{u ,u ,..., u } �)�� 4��0 5�$�$ 4� n
R!

m
R +�,
� -.�� 

jf (x)e′ ��
 j ��[f (x)]′���� �� .

j iD f (x) � ��� ( j,i) ! �"�� ��[f (x)]′���� �� .

[f (x)]′ ! �"�� #  n m×���� �� 

m

j j i i
i 1

f (x)e (D f )(x)u
=

′ = ∑
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.

 �()f *�� %6789� �!� �:�:; #��$ nD R⊆�<�= "�:23� >�8$ 4?��7&� -.��f �!� D +�,
� -.�� �)-
)�� 

f $��D�
� �	
��
 .f ′ $��D�
� �	
��
 .

f $��D�
� ������% .�&'( )��	*� ��+"f $��D�
� �	
��
 .
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�()nD R⊆ #��$ ! *�� ! n mf : D R R⊆ → �� x D∈ #��$ ! ��/0 123� g A��. *�� %6789� f (D)

 �72� )�kR �� ! 42.�,
 f (x)��7� �� 4B��( >)-� "�7C D�) �� -.�� 42E7�0 ��
 F(x) g(f (x))= FE���


GFE)

m kF (x) L(R ,R )′ ∈
�
� ��, - �." �� /�012�3.

�
� ! �"�� �� /�012�3.F (x) g (f (x))f (x)′ ′ ′=
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 #��$ ��/0 123� 42E7�0 �7&� F.�,
 �  ��2H� 4��3$�� � )7( ��* %�IJ >)-�n mf : D R R⊆ →"�!�9� ��

 %&:
x D∈ �&K A�-L$ ��2H� ��  f (x)′ G-.�� �� 

4�5���� ������6+7 8��"9�:;� 8��"�."�
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 �()n m kf : R R R× → �  �)�� +�,
� -.�� �&K !� #��$ ��(x, y)!(h,k) *) n mR R×%&��� 

(Df (x, y))(h,k)*) FE) "��L6

f (h, y) f (x,k)⋅ f (h, y) f (x,k)+ 

Df (h, y) Df (x,k)⋅ Df (h, y) Df (x,k)+ 
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�:�:; M��N2� !� #��$ �)��f �� ��� !� 4�2a R∈GFE) FE�� 4B��( >)-� -.�� ��/0 123� 

 <��=� ! �"��f ! �"�� #  1 2×�
� .

 <��=� ! �"��f ! �"�� #  2 1×�
� .

( )( )
2 2

2
ji j i

i 1 j 1

D f (a) (h) (k) D (a)h k
= =

= ∑ ∑

( )( )
2 2

2
ij j i

i 1 j 1

D f (a) (h) (k) D (a)h k
= =

= ∑ ∑
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#��$�()f :[0,1] [0,1] R× → 4?��7&� 

1
0 0 x

2
f (x, y)

1
1 x 1

2


≤ ≤

= 
 ≤ ≤


 +�,
�
[0,1] [0,1]

f
×
∫�� FE) ��)�� 

>
2

1

4

1

4

3
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GFE) �OC�
 M*)-
) �)�)� ��* ��  46789� *) �� >)-�

���6	� $�� �?�+@�� �A ���?� �?�+@�

B6A ���?� �?�+@� �C2 ��D �� $� �?�+@�
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 �()nA R⊆ ! 42P� M*�� �� f : A R→%6789� �)�� 4B��( >)-� -.�� �)-
)�� �Q��$

{ }B x A | o(f ,x)ε = ∈ ≥ ε �  R)*) 4�0ε >GFE) FE�� 

Bε�
� E��*� .Bε�
� �C2 FG���� $���� .

8��"f�� Bε�
� �	
��
 .Bε �
� �H"�� .
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�� 4��� �&K �,S86 � n
RG-B� �� T76 U  �� )� V��Q2� %��0 7I6 -BW 

 �0? # �0? ���0? �
�0? ��HI
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 #��$ +�( 4�?$f : R R→ %&��� �� 
C

1 x Q
f (x)

0 x Q

∈
= 

∈
GFE) 4B��( >)-� 

�H"QCQR
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�()T! S !� P�GFE) X!�B2��
 ��* �� �7P
�$ *) �� >)-� +�,
� -B.�� X!�B2� �7P
�$

)(TAltST +ST −ST ⊗
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 �()T �!� �SK)� X�� �� V �&K A�-L$ +�,
� -.�� f : V V→�  �)�� +�( �  U���
 �� Y��	) �7K )� 

x, y V∀ ∈U�.�� 42.)� :

T(x,f (y)) T(f (x), y)= T(f (x),f (y)) T(x, y)= 

T(f (x),f (y)) T(f (y),f (x))= T(f (x),f (y)) T(y, x)= 
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 �()kX R⊆ ! *�� ! ω �� P� ! >�Hθ �� q� �!� >�HX +�,
� -B.�� ω∧ θ�� FE) ��)�� 

p q( 1) +− θ ∧ ω− θ ∧ ωpq( 1)− θ ∧ ω[p,q]( 1)− θ ∧ ω
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 �()0>a ! 0>b�  �)�� !  F��[ ����:� t [0,2 ]∈ π \ (t) (a cos t,bsin t)γ = �� 42P� �B�B� ��2R! 

xdyω = ! ydxθ = �� ���!� >�H2
R�)-:� +�,
� -B.�� 

γ

ω+ θ∫   �� FE) ��)�� 

abπab−π2π0
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 >�H �=��K 123�3xydx dy zdy dzω = ∧ + ∧GFE) 4B��( >)-� 

0 3xdx dy dz∧ ∧ 

3ydx dy dz∧ ∧ 3dx dy dz∧ ∧ 
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G��)� 4=! 4E ! ]^� 4E ��* ��_���E *) �� >)-�

1Q2Q3Q4Q

19

����

-

....

 �� ��9
* �)��  `�K F	�; �� )� a�72E) %�IJ �()
 �� *�� ��  46789� �� �-Q� 3
RFE-� 4�IJ >)-� U�-BL� ��� 4� 

 G-�� ��

4 �A!%�	
�!��J� �E��:���
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